We focus on a non-abelian gauge field coupled to a single (but general) representation of a family of N f fermions. By using the same machinery that had allowed us to evaluate the sub-leading large-N f term of the five-loop Beta function earlier, we here report on a confirmation of the all-N f result that has in the meantime been published by another group. Furthermore, in order to push forward the 5-loop renormalization program regarding gauge parameter dependence, we present the linear terms of the complete set of anomalous dimensions, in an expansion in the covariant gauge parameter around the Feynman gauge.
Introduction
In modern high-energy physics experiments, in order to closely scrutinize (and eventually go beyond) our established particle physics models such as the Standard Model (SM), it is important to push the precision of theoretical predictions that follow from these models to the highest possible level. All parameters that appear in these quantum field theories such as the SM change as functions of the energy scale, in a well-defined way that is governed by so-called renormalization group equations. These, in turn, depend on a number of renormalization group parameters that can be deduced from the underlying quantum field theory.
Perhaps the most fundamental of such renormalization group parameters is the Beta function, governing the running of the gauge coupling constant, and consequently much effort has been invested into precision determinations of this coefficient. After seminal work at one-loop order [1, 2] , demonstrating the asymptotically free nature of the strong coupling constant and therefore establishing Quantum Chromodynamics (QCD) as a central part of the Standard Model, perturbative corrections have been pushed to 2-loop [3, 4] , 3-loop [5, 6] and 4-loop [7, 8] level. Five-loop results have appeared over the last ten years or so, first for the case of Quantum Electrodynamics (QED) [9] [10] [11] , then for physical QCD with gauge group SU(3) [12, 13] , and finally for QCD with more general gauge groups [14, 15] .
Given the complexity of the five-loop calculation, there is an urgent need to confirm the Beta function as given in [15] by an independent approach. We fill this gap in the present paper, building upon our earlier work [14] , where a proof-of-concept had been laid out (and in the meantime been successfully tested and expanded, see [16, 17] ). Throughout the paper, we work in dimensional regularization around d = 4 − 2ε space-time dimensions and in the MS scheme.
Of course, the (gauge-invariant) Beta function is not the only fundamental parameter governing renormalization of a gauge theory. All fields and parameters of the theory need to be renormalized, giving rise to a set of renormalization constants (RCs) that can be evaluated order by order in perturbation theory. Perhaps the second most important representative of this set is the (gauge-invariant) renormalization constant for the quark mass, needed for a precise evolution of measured low-energy quark masses to current and future high-energy collider experiment energies. It has been known at two [18] and three loops [19, 20] for a long time already; at four loops, complete results for SU(N ) and QED as well as general Lie groups are available [21, 22] ; at five loops, mass renormalization is known for SU(3) as well as general Lie groups [16, 23, 24] .
The remaining members of the set of RCs depend on the gauge parameter. At four loops, these are known since more than a decade for SU(N ) and Lie groups, see [8, 25] and references therein. Full gauge dependence for the case of Lie groups has been added only recently [16, 17] . At five loops and for a general Lie group, all of them are presently known in Feynman gauge [16, 17] (some notable exceptions being all-order Landau gauge results in the limit of many fermion flavors, see e.g. [26] ). In order to push forward the renormalization program, we continue to evaluate corrections to the set of renormalization constants, which at five-loop level are available (mostly) in Feynman gauge only. To this end, we present new results for the complete set of RCs, including linear terms in the gauge parameter, in an expansion around the Feynman gauge. These types of terms might be needed in future projects, to provide for valuable cross-checks concerning gauge invariance of the observables under investigation.
The structure of the paper is as follows. We begin by explaining our calculational setup in section 2. There, we define the set of renormalization constants and anomalous dimensions we are after, describe the massive regularization method we have employed to extract ultraviolet divergences, and introduce the set of group invariants that are needed to express the higher-order results. In section 3, we present our results for the five-loop gluon field anomalous dimension (in Feynman gauge), from which we extract the (gauge-invariant) Beta function. We then continue to push the 5-loop renormalization program further, and present the linear terms in an expansion around the Feynman gauge in section 4, and conclude in section 5. Two appendices are devoted to list perturbative coefficients for certain renormalization constants that are needed in the main text.
Setup
We begin by making a number of definitions and technical remarks. First, we define the various renormalization constants and anomalous dimensions that are the focus of this work, and list relations between them. Then, we explain parts of our computational setup that allows us to extract these coefficients from the short-distance (ultraviolet) divergences of the theory. Finally, we introduce some convenient definitions for gauge group invariants that will allow us to compactly present results later on.
Renormalization constants
The fermion-, gauge-and ghost fields as well as fermion mass, gauge coupling and gauge-fixing parameter of the gauge theory are renormalized multiplicatively via
1)
We have used the subscript b and r for bare and renormalized quantities, respectively. All renormalization constants (RCs) have the form
. There actually is no need to renormalize the gauge-fixing term ∼ (∂A) 2 /ξ L , such that setting Z ξ = Z 3 leaves us with five independent renormalization constants only. A very economic way of recording the various renormalization constants Z i is to merely list the corresponding anomalous dimensions, defined by
Following usual conventions, instead of considering Z g , one renormalizes the gauge coupling squared (which in our notation is
with C A the quadratic Casimir operator of the adjoint representation of the gauge group, cf. section 2.3) with the factor Z a ≡ Z 2 g and calls the corresponding anomalous dimension γ a = 2γ g ≡ β the Beta function. Note that, due to the renormalization scale independence of the bare gauge coupling, using eqs. (2.2) and (2.3) this immediately implies
The Beta function is a gauge invariant object and is known at five loops [15] , as discussed further in section 3. The second gauge invariant anomalous dimension is γ m , corresponding to the renormalization of the quark mass. At the five-loop level, it has been given in [16] , and confirmed by [23] .
To complete the renormalization program, we are left with choosing (besides the gauge invariants β and γ m ) three further RCs. These three coefficients will necessarily be gauge-parameter dependent, and at the five-loop level only the Feynman-gauge results are known so far, see [17] for a complete list of results. In practical calculations, it can sometimes be convenient to consider 'vertex RCs' which are products of the Z i , such as those that multiply the 3-gluon, 4-gluon, ghost-gluon and quark-gluon vertex. These vertex RCs are usually denoted as Z If one needs to reconstruct renormalization constants Z i from the anomalous dimensions γ i , one can start from eq. (2.3), recalling that Z i (a, ξ L ) depends on the renormalization scale through both of its variables. Using the d-dimensional Beta function of eq. (2.5); remembering that the gauge parameter renormalizes as the gluon field ξ L,b = Z 3 ξ L,r ; expressing the gauge parameter as ξ L = 1 − ξ where ξ = 0 now corresponds to Feynman gauge; and converting all anomalous dimensions to our preferred minimal set, one obtains the relation
The coefficients z 
Extraction of ultraviolet divergences
In order to compute the field, mass, and vertex renormalization constants in the MS scheme we are tasked with extracting the ultraviolet (UV) divergences of corresponding Green's functions. Since UV divergences are known to be independent of the masses and external momenta, it is desirable to eliminate as many of these scales as possible to facilitate the computation. In fact, in the calculationally most efficient approaches all scales are initially sent to zero and auxiliary masses are only introduced to separate infrared (IR) from UV divergences.
One highly successful method for infrared regularization is given by the R * -operation [27] [28] [29] [30] . For instance, it has been used in the recent computations of the five-loop anomalous dimensions in QCD [13, 24] and their generalization to an arbitrary gauge group [15, 23] . Its main appeal is that L-loop anomalous dimensions can be deduced from the calculation of (L − 1)-loop massless diagrams with one external momentum. The price to pay is an increased conceptual complexity. Up to now, only the "local" variant of the R * -operation has been automatized [29] , whereas the computationally more efficient "global" operation still requires significant manual work.
In this work, we will pursue a conceptionally much simpler alternative approach pioneered in [31, 32] , which is also sufficiently powerful to allow the computation of five-loop anomalous dimensions in a general gauge group [14, 16, 17] .
1 It is based on the exact decomposition [32]
where l is a linear combination of loop momenta, q a linear combination of external momenta. By introducing an auxiliary mass M we have ensured that the first term on the right-hand side is IR finite. While the second term can lead to IR divergences, the UV degree of divergence is reduced compared to both other terms. After subtracting all subdivergences, we can apply relation (2.9) iteratively to all massless propagators in order to decompose a given diagram into a UV-divergent part containing only massive denominators and a UV-finite but potentially IR-divergent remainder. Since we are only interested in the UV divergence, we can safely drop this remainder.
Furthermore, we note that the left-hand side of Eq. (2.9) is independent of the auxiliary mass M and the dependence on M therefore has to drop out in the final result. This allows us to discard the factor M 2 in the numerator of Eq. (2.9) and cancel the resulting M -dependence using new counterterms proportional to M 2 . Any such counterterm originating from a four-dimensional Lagrangian has to be proportional to M 2 A 2 and can therefore be interpreted as a "gauge boson mass" counterterm. The normalization is then fixed by the condition that the inverse gauge boson propagator must not contain a (UV-divergent) contribution proportional to M 2 .
We note that the prescription of repeatedly applying Eq. (2.9) and discarding all terms that are UV finite or contain factors of M 2 can be formulated in an even simpler way. By direct comparison, we see that it is completely equivalent to introduce the auxiliary mass M in all denominators and perform a Taylor expansion in small external momenta.
It is then straightforward to modify the denominators and introduce the gauge boson mass counterterm by changing the Feynman rules for the propagators accordingly. We start from the conventionally renormalized propagators D δ , where δ = f, c, g denotes a fermion, ghost, or gauge boson, respectively. They are given by the usual expressions (we drop the subscripts r of eq. (2.2) from now on, writing m for the renormalized fermion mass and ξ L for the renormalized gauge parameter)
In order to eliminate a scale, we expand the fermion propagator in the limit of a small fermion mass.
Retaining the first two terms in the expansion is sufficient for the determination of the wave function and mass renormalization constants. Introducing an auxiliary mass M and the corresponding gauge boson mass counterterm Z M 2 we then obtaiñ
for the modified propagatorsD. We have again rewritten ξ L = 1 − ξ, such that ξ = 0 corresponds to Feynman gauge. The counterterm Z M 2 is then fixed by requiring that the gauge boson propagator with vanishing external momentum must be finite at each order in perturbation theory. For future reference, we list this auxiliary counterterm Z M 2 in appendix B.
After the above-mentioned Taylor expansion in small external momenta, we are left with fully massive vacuum integrals, where all propagators share the common regulator mass M . We have two independent in-house codes at hand, crusher [33] and Spades [34] , that systematically exploit the well-known integration-by-parts identities to achieve the mapping of such fully massive vacuum integrals onto a small set of master integrals. At five loops, these master integrals have recently been evaluated to high numerical precision [34] , allowing high-confidence analytic fits of individual integrals, sums thereof, and/or full results. For further details on our reduction and integration strategy and all relevant references, we refer to [14, 16, 17, 35, 36] .
Notation for color factors
Let us finally define some useful notation concerning group invariants, which we will need to present our results. To this end, we re-iterate notation that we had already utilized in previous works [14, 16, 17] . We focus on a Yang-Mills theory coupled to N f fermions in the fundamental representation. It is straightforward to generalize our results to fermions in a (single) arbitrary representation R by substituting all generators of the fundamental representation with generators of R.
The real and antisymmetric structure constants f abc are defined by the commutation relations
between hermitian generators T a of a semi-simple Lie algebra, with trace normalization Tr(T a T b ) = T F δ ab . The quadratic Casimir operators of the fundamental and adjoint representations (of dimensions N F and N A , respectively) are then defined in the usual way, as T a T a = C F 1 1 and f acd f bcd = C A δ ab . To facilitate compact representations of our results, we find it convenient to use the following normalized combinations of group invariants:
In loop diagrams, one typically encounters traces of more than two group generators, giving rise to higher-order group invariants. These higher-order traces can be systematically classified in terms of combinations of symmetric tensors [42] . Rewriting the generators of the adjoint representation as [F a ] bc = −if abc , we need the following three combinations (again, we normalize conveniently):
Here, sTr(ABCD) = 1 6 Tr(ABCD + ABDC + ACBD + ACDB + ADBC + ADCB) is a fully symmetrized trace.
Taking the gauge group to be SU(N ) and setting T F = 1 2 and C A = N , our set of normalized invariants then reads [42] 
From here, one can for example easily obtain the SU(3) coefficients, corresponding to physical QCD.
Gauge field anomalous dimension and Beta function
Following up on our previous work on the N {4,3} f terms of the five-loop Beta function [14] as well as our determinations of the full ghost field and -vertex anomalous dimensions γ 
The coefficients γ 3n are functions of the group invariants and the gauge parameter, see appendix A for expressions up to four loops. At five loops and in Feynman gauge ξ = 0, we have obtained (to clearly expose the group structure, we use a scalar-product-like notation, where e.g. {c
2)
3) 
From the first of eq. (2.6), using the relation β = 2(γ
3 ) − γ 3 , this enables us to obtain the corresponding terms of the Beta function, whose coefficients we define as
The L-loop coefficients b L−1 are polynomials in n f , and up to four loops read
while at five loops we get (using the same scalar-product-like notation as above)
14) Out of these 5-loop coefficients, b 44 has in fact been known already for quite some time from a large-N f analysis [43, 44] , while b 43 was given in [14] , as a proof-of-concept of our setup that we have used in this and earlier works [16, 17] . The three coefficients b 42 , b 41 and b 40 have first been computed by an independent group [15] , using the background field method, infrared rearrangement [45] and the socalled R * operation [30] in order to map UV divergences onto the class of massless four-loop two-point functions which were evaluated via their code FORCER [46] [47] [48] . Equations (3.16)-(3.18) fully coincide with the results of [15] . As a further check of the 5-loop expressions given above, all coefficients reduce to the results given in [13] when setting the group invariants to their SU(3) values (cf. eq. (2.16)).
To summarize, eqs. (3.13)-(3.18) are in complete agreement with the corresponding terms of the Beta function given in [15] . This represents the first independent check of the correctness of this important renormalization group parameter. As a result, all terms of the five-loop Beta function have now been checked by two independent groups employing completely different methods, which should lead to a high confidence in its correctness.
Beyond the Feynman gauge
To provide -other than the confirmation of the five-loop Beta function presented in the previous section -some genuinely new results in this paper, and to also showcase the versatility of our integral reduction codes Crusher and Spades, we have evaluated the linear terms of an expansion around the Feynman gauge (ξ = 0). From the integral reduction point of view, this means that compared to the Feynman-gauge calculations, we need to be able to reduce integrals with one more dot and one more scalar product.
We need to perform this exercise for a minimal set of three (out of five linearly independent) anomalous dimensions only, since β and γ m are gauge parameter independent and already known [14] [15] [16] . The full set is then obtained via well-known linear relations, see eqs. (2.6), (2.7). For the convenience of the reader, we have prepared computer-readable files that contain the complete set of renormalization constants and anomalous dimensions up to five loops including these new terms [49] .
In the following, we present our new five-loop results for these linear terms in ξ for the ghost field, ghost-gluon vertex, as well as quark field anomalous dimensions. We keep the notation in line with our previous publications, such that it suffices to record the new terms here.
Ghost field anomalous dimension
As in [17] , we write the ghost field anomalous dimension as As fully gauge-dependent expressions up to four loops and the Feynman-gauge result at five loops have been given in [17] , we here add as a new result the linear term in ξ at five loops: We observe that only 10 of the 17 possible color structures contain terms linear in ξ.
Ghost-gluon vertex anomalous dimension
Again following the notation of [17] , the anomalous dimension of the ghost-gluon vertex is 9) where the prefactor follows from the finiteness of the Landau-gauge ghost vertex [50, 51] , which therefore does not need to be renormalized, hence γ ccg 1 | ξ=1 = 0. The 3-and 4-loop coefficients (with full gauge dependence) and the 5-loop term (in Feynman gauge) have been given in [17] , to which we here add the linear term in ξ at five loops: 
Quark field anomalous dimension
Following the notation of [16] , the quark field anomalous dimension reads As a check, the coefficients γ 2441 and γ 2431 coincide with the respective contribution extracted from the all-order large-N f Landau gauge result [26, 52, 53] .
Conclusions
The purpose of this paper has been twofold. First, and perhaps most importantly, we have provided the first independent verification of the five-loop result for the Beta function of a non-abelian gauge field coupled to a single, but general, representation of a family of N f fermions, first obtained in [15] . Finding full agreement, this constitutes an important check of this key result. As explained in sections 2.2 and 3, we have employed very different methods than those used in [15] , thus drastically increasing the confidence in the final result. Second, we have used our setup to provide, for the complete set of 5-loop renormalization constants, the subleading terms in an expansion around the Feynman gauge. We have explicitly given the linear terms in the gauge parameter for a minimal choice of anomalous dimensions, while all others can be obtained from simple linear relations, see eqs. (2.6)-(2.7); for completeness, we provide electronic versions of all renormalization constants in ancillary files [49] . This step aims at completing the five-loop renormalization program, and should be extended to include complete gauge dependence. As a crosscheck, it would be valuable to evaluate the linear gauge terms of another renormalization constant, for example the one of the gluon field. Due to the complexity of the 5-loop gluon propagator and limited computer resources to our disposal, we leave this as a future project.
It would be interesting to perform a 5-loop check of the known Landau-gauge relation [54, 55] between β, γ 3 and the anomalous dimension of the composite gauge-field operator A a µ A µa (for results concerning renormalization of this operator up to 4 loops, see [25, 54, 56, 57] ). We have not yet attempted to do this (requiring full gauge dependence). In principle, this should be within reach of our method; having all master integrals at hand, it would in practice require substantial computer resources for an enlargement of our integral reduction tables, in order to accommodate integrals with larger exponents of propagators as well as numerators. 
